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Abstract－Formal verification of microprocessors requires a
mechanism for efficient representation and manipulation of both
arithmetic and random Boolean functions. Recently, a new
canonical and graph-based representation called TED has been
introduced for verification of digital systems. Although TED can
be used effectively to represent arithmetic expressions at the wordlevel, it is not memory efficient in representing bit-level logic
expressions. In this paper, we present modifications to TED to
improve its ability for bit-level logic representation while
maintaining its robustness in arithmetic word-level representation.
It will be shown that for random Boolean expressions, the
modified TED performs the same as BDD representation.

I. INTRODUCTION
Boolean functions are often represented and manipulated
by Decision Diagrams (DDs). Ordered Binary Decision
Diagrams (OBDDs) [1] are the most commonly used form of
decision diagrams in EDA applications [2]. Despite its
widespread use, some classes of Boolean functions cannot be
represented efficiently by OBDDs [3] [4]. For representing
these classes of Boolean functions other decision diagrams are
proposed and used. As an example, Ordered Functional
Decision Diagrams (OFDDs) [5] [6] are proposed for better
representing XOR based logic [7]. OBDDs and their variations
have been successfully used in manipulating gate-level designs,
but have limitations in representing arithmetic circuits.
For representing arithmetic circuits, Word Level Decision
Diagrams (WLDDs) are proposed. They use decomposition
methods similar to the decomposition of Boolean functions, but
at the arithmetic-level. MTBDDs [8] [9], EVBDDs [10], BMDs
[11], HDDs [12], *BMDs [11], K*BMDs [13] are examples of
WLDDs. They are graph-based representations of functions
with Boolean domain and integer range; therefore an arithmetic
function should be broken down into bit-level in order for it to
be represented by WLDDs.
With increasing complexity of digital systems, the need for
higher level abstractions becomes more evident. TED [14] [15]
[16] is proposed to satisfy this need.
In TED, the
decomposition of a function (Boolean or arithmetic) is
performed along each word-level variable of the function using
Taylor series expansions. It has been proven that with a special
restriction on the ordering of function variables, TED becomes
a canonical representation. TED can also be used for
representing functions with Boolean domain and
Boolean/integer range.
Although TED has many advantages over WLDDs, its
weak Boolean function manipulation is its main problem.
0-7803-8736-8/05/$20.00 ©2005 IEEE.

When a design consists of word-level and bit-level parts
(including Boolean parts), its TED occupies a large amount of
memory. Today, many microprocessors have a large data-path
and one or several controllers. Usually the data-path contains
arithmetic circuits with vector size of 32-bit or longer and the
controller has many bit-level signals for controlling the datapath operations. In such cases, WLDDs are not the best
solution because they break arithmetic operations into their bitlevel parts. This detailed representation is an overkill for RTlevel verification of microprocessors, and significantly
degrades the verification performance. On the other hand,
TED, that has a good arithmetic representation for data path
parts of a design, does not offer a good solution for Boolean
manipulation for the controller parts.
A solution is to use different Decision Diagrams for
representing different part of a design. This solution leads to
more difficulties in the verification process. Also using two or
more different decision diagrams makes it hard and almost
impossible to check equivalency of two designs, because
equivalency of two designs does not mean that each of their
parts are necessarily equivalent.
The aim of this paper is to provide a unique representation
for handling high-level verification of data-path and controllers.
The key idea is that arithmetic operations encountered in the
RTL specification are simple, e.g., x+y, x*y, etc. Therefore, it
is proper to degrade the performance of algebraic
representation of expressions that are not common in practical
designs, and instead improve the performance of Boolean
function manipulations.
This paper provides a unique
representation for efficiently representing typical algebraic
equations encountered in data-path of today’s high performance
processors. At the same time, our representation has a good
Boolean function manipulation.
This paper is organized as follows: Section 2 presents a
brief overview of TED. In Section 3, our TED+ is introduced.
In Section 4, Additive weights (as in k*BMD) will be added to
the TED+ for better representation of arithmetic and Boolean
functions. Experimental results are discussed in Section 5 and
conclusions are presented in the last section.

II. TAYLOR EXPANSION DIAGRAM
TED is a graph-based representation that uses the Taylor
series as its decomposition method [14] [15] [16]. The Taylor
series expansion of a real differentiable function f(x) around
x=0 is:
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f ( x) = f (0) + xf ′(0) +

1 2
1
x f ′′(0) + x 3 f
2!
3!

(3)

(0) + L (1)

where f ′(0) , f ′′(0) and f (3) (0) are first, second and third
derivations of function f for x=0, respectively.
The
decomposition will be performed recursively using Equation
(1).
Every node of a TED representation has a label that
indicates its associated variable. As in most canonical decision
diagrams, e.g., OBDD, the variables of TED are ordered. The
function of a node is determined by the Taylor series
expansions, according to Equation (1). The out-degree of a
node depends on the order of the associated variable of that
node. The out-degree of a terminal node is 0.

Not(x) = x ′ = 1 – x
(2)
(3)
And(x, y) = x ∧ y = x * y
Or(x, y) = x ∨ y = x + y – x * y (4)

III. TED+
Representing Boolean functions is the main problem of
TED. This means that the TED representation of a Boolean
function is larger than the function’s BDD representation.
TED+ capitalizes on the fact that representation of TED,
when its decomposing variable has degree 1, can be simplified.
This greatly simplifies the presentation of Boolean functions.
As discussed in the previous section, in each level, TED
decomposes a function into its Taylor series expansions, i.e.,
Equation (1). When the degree of the decomposing variable is
1, the Taylor series becomes:

f

Implicit weights

X

It has been proven that with a special restriction on the
order of variables, TED becomes a canonical representation.
For functions typically encountered in RTL specifications (e.g.,
x – y, x + y, x * y and xk for arbitrary k, etc.), TED is linear in
the number of variables. TED can also represent functions
containing both algebraic and Boolean expressions. To
represent Boolean expressions, the following formulas should
be used [14] [15] [16]:
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F(0) F’(0) F’’(0) F(3)(0)

Fig. 1. Decomposition in TED

F = x2+y

f ′(0) = f (1) − f (0)

(6)

Using Equation (6) in (5) and rearranging the variables,
Equation (7) results.
f ( x) = (1 − x) f (0) + xf (1)

(7)

As shown, Equation (7) is similar to the Shannon
decomposition, which is used as the decomposing method in
Binary Decision Diagrams (BDDs).
To improve logic
representation of TED, in nodes with two outgoing edges (i.e.,
nodes with associated variable of degree 1), we use Equation
(7) instead of Equation (5) for our decomposing method. By
doing this and using Equations (2), (3) and (4) as Not, And and
Or respectively, TED+ will behave like BDDs for logic
representation. Also because Equation (7) and Equation (5) are
the same (i.e., Equation (7) is computed from Equation (5) and
vice versa), the TED+ still remains canonical.

F’(x=0

F’ = 2x
y

)=
F’’(x=0

)=0

2

F(x
=

0)
=

y

x

F’’ = 2

(5)

in which the following equation holds.

Figure 1 shows TED decomposition of function f for
variable x . In this paper, we refer to the k-th derivative of a
function rooted at a node as k-child of that node: f ( x = 0) is
the 0-child, f ′( x = 0) is the 1-child, f ′′( x = 0) is the 2-child,
etc. We also refer to the corresponding edges as 0-edge
(dotted), 1-edge (solid), 2-edge (double), etc. From the Taylor
expansion, it is evident that each edge has an implicit
multiplicative factor: x0 for the 0-edge, x1 for the 1-edge, x2/2
for the 2-edge, etc. In addition, each edge in a TED has a
multiplicative weight, which is computed from the Taylor
expansions. Figure 2 shows TED representation of x2+y.

F = x2+y

f ( x) = f (0) + xf ′(0)

2
0

1

Fig. 2. TED representation of x2+y

A. TED+ for Boolean Representation
In Boolean algebra “a * a = a”, so the degree of all
variables in a Boolean expression is 1.
Therefore in
representing Boolean expressions with TED+, Shannon
decomposition will be used as the decomposing method in all
nodes. So TED+ representation of Boolean functions is the
same as BDD with the overhead of multiplicative weights for
568

the edges. Note that BDD edges do not have weights. Figure 3
shows TED and TED+ representations of Boolean Or function.
x or y = x + y - x * y
TED

TED+
x

x

y

y

y

2
0

0

1

1

Fig. 3. TED and TED+ representation of x or y

B. TED+ for Arithmetic Representation
Now that we have shown advantages of TED+ over TED
in representing Boolean expressions, let us turn our attention to
arithmetic functions. It is easy to show that TED+ is the same
as TED for representing a collection of multiply operations.
This is unlike TED+ representation for the addition operation.
The TED and TED+ representations of x + y, illustrating the
disadvantage of TED+, are shown in Fig. 4.
It is evident that TED+ is not as efficient as TED in
representing addition. In the next section, we improve TED+
for efficient representation of algebraic (including addition)
functions. We will show that our improvements also help
representation of Boolean function.

TED

efficiency can be obtained for TED+ by adding additive
weights. In this section, with the addition of additive weights,
we will improve the ability of TED+ for both algebraic and
Boolean representations.
It is clear that 0-childs of both Shannon and Taylor
decomposition are computed the same way (i.e., 0-child of a
node is computed by putting a 0 in place of the associated
variable of that node). On the other hand, in nodes with more
than two outgoing edges, TED+ can only use Taylor expansion,
which makes it the same as TED. We conclude that the
weakness, mentioned in the previous section, of TED+ for
representing algebraic equations originates from the 1-child of
nodes with two outgoing edges.
A special situation of this case can be resolved by additive
weights. To show this special case, consider node x of function
f=g+cx where g is a function and c is a constant. Using the
Shannon expansion in this node with two outgoing edges,
yields a 1-child of the form f(x=1)=c+g. On the other hand, if
the Taylor expansion is used for decomposition of this node, its
1-child function becomes f’(x=0)=c. By comparing these two,
it is evident that the 1-child of TED (i.e., c) is simpler than that
of TED+ (i.e., c+g). Furthermore, the 1-child of TED can be
represented by an edge to terminal 1 (with multiplicative
weight c). To remedy this deficiency of TED+, additive
weights have been added to its edges, in addition to
multiplicative weights. The key idea is that function g is
already constructed for representing the 0-child in TED+ (i.e.,
f(x=0)=g). Therefore by adding an additive weight to each
edge; it is possible to represent the 1-child of TED+ (i.e.,
f(x=1)=c+g) by an edge with additive weight c to the 0-child
(i.e., f(x=0)=g). This is shown in Fig 5.

TED+
x

TED +

x+y

x

x

y

y

Wa=c

g

y

2
0

1

0

Fig. 5. TED+ representation of g+cx

1

Fig. 4. TED and initial TED+ representation of x + y

IV. ADDITIVE WEIGHTS
In the previous section, it was shown that TED+ is not as
efficient as TED in representing algebraic equations. On the
other hand, TED+ is as good as BDD in representing Boolean
expressions. As discussed in Reference [17] and [18], a
variation of BDD that adds attributes to its edges is more
memory efficient than the standard BDD. Similar memory

With the addition of additive weights, the function of the
edge is determined by wa + wm * g(x), where wa is the additive
weight and wm is the multiplicative weight of that edge and g(x)
denotes the function represented by the node which this edge is
pointing to.
In the above discussion, coefficient of x was a constant. It
is evident that if the coefficient of an associated variable is not
a constant, it is possible that the TED representation of that
function is more compact than its TED+.
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Table 1. BDD, TED and TED+ construction results for various circuits

BDD

Circuits
Hamming 8bit
Address Decoder 20bit
Parity Generator 9bit
Comparator 4bit
Comparator 7bit
Comparator 16bit
Full Adder
Adding 9 CS 2bit each
Adding 9 CS 4bit each
Adding 9 CS 8bit each
CLA Adder 8bit
CLA Adder 16bit
Array Multiplier 8bit
Multiplier 4bit
Multiplier 8bit
c17
c432
c499
c880
c1355
c1908

TED

Time (Sec.)

Nodes

Time (Sec.)

Nodes

Time (Sec.)

1445
108
329
431
940
198484
30
4388
15194
36750
9224
2373630
184685
1757
173091
34
27005
510732
2501340
1733831
512736

0
0
0
0
0
0.3
0
0
0
0
0
2.7
0.1
0
0.1
0
0
0.1
1.9
0.2
0.3

1970
165
384
587
963
198531
37
9663
Unfeasible
Unfeasible
12398
Unfeasible
Unfeasible
2008
Unfeasible
38
Unfeasible
Unfeasible
Unfeasible
Unfeasible
Unfeasible

0.3
0
0.1
0.1
0
8.3
0
84.3
Unfeasible
Unfeasible
13.8
Unfeasible
Unfeasible
0.3
Unfeasible
0
Unfeasible
Unfeasible
Unfeasible
Unfeasible
Unfeasible

1445
108
329
431
940
198484
30
4388
15194
36750
9224
2373630
184685
1757
173091
34
27005
510732
2501340
1733831
512736

0
0
0
0
0
4.1
0
0.1
0.3
0.7
0.2
52.3
2.5
0
2.8
0
0.3
2
35.9
5
6.9

A. Canonical Representation
To make TED+ a canonical representation, we need some
further restrictions on the graph with respect to the edge
weights. These restrictions as mentioned in [13] are as follows:
1. There exists only one terminal and this terminal is
labeled 0.
2. The 0-edge of a node has additive weight 0.
3. The greatest common divisor of other weights is 1.

TED

TED+

Nodes

TED +

x+y

x

x

discussed above, by using additive weights, the TED+
representation of addition becomes as good as TED. TED+
representation of x + y is shown in Fig. 6. Both Additive and
Multiplicative weights are shown in rectangular boxes on the
graph edges. TED only has multiplicative weights while TED+
has both additive and multiplicative weights. As discussed, in
TED+ 0-edges only have multiplicative weights and other
edges have both additive and multiplicative weights. The first
number is additive and the second one is its multiplicative
weight.
0-child of both TED and TED+ are the same. The 1-child
of TED is 1 while the 1-child of TED+ is 1+y. By using
additive weights, both representations will have the same
number of nodes.

1
1

1, 1

1

y

y

0
1

0

0

1

1, 0

0

Fig. 6. TED and TED+ representation of x + y

B. Modified Arithmetic Representation
By adding the additive weights and provisions for being
canonical, a new representation for TED+ emerges. As

C. Modified Boolean Representation
As mentioned, our goal is to improve Boolean
representation of TED+ and make it the same as BDD with
attributed edges.
In BDD with attributed edges, only non-complemented
functions and sub-functions are constructed directly and other
functions are represented through non-complemented functions.
For this, Reference [7] adds an attribute to each edge. In this
representation, complement of a function is constructed by the
function pointed to by an attributed edge.
Our representation of TED+ includes a similar feature. For
complementing a function f(x), 1-f(x) should be constructed.
Since we have additive weights in our diagram, we can extract
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Nodes

Time

Nodes

Time

102

0.1

101

2.6

102

0.1

101

0.1

102

0

101

0

402

0.2

401

0.2

102

0

101

0

402

0.3

401

0.4

102

0.1

101

0.1

402

1.3

401

2.0

38

0.6

37

0.9

2382

19.5

2381

27.3

Number of nodes in TED+ is always the same as BDD.
BDD is better than TED+ in terms of time of conversion. This
is due to the processing needed for calculating additive and
multiplicative weights. The conversion time of TED+ is less
than that of TED because in representing Boolean expressions,
the size of TED is larger. Moreover, the complexity of Boolean
manipulation in TED+ is less than that of TED (i.e., TED+ is
like BDD with additive and multiplicative weights in Boolean
manipulation).
In all our test cases the arithmetic units are synthesized to
the gate-level net-lists, before being converted to BDD, TED or
TED+.
Circuits used for these experiments are the real world
arithmetic units as well as some ISCAS85 [20] benchmarks. All
of these arithmetic units are basic components for other
arithmetic units, so we can extend these results to all arithmetic
units.
In the next series of experiments, we compare TED+ with
TED for representing algebraic equations. The equations,
selected for these experiments, are those often used in RT-level
design. The results of these experiments are shown in Table 2.
In most cases, the number of TED+ nodes is one less than that
of TED. This is due to the different representation of terminal
1 in these two diagrams. Actually, the number of TED and
TED+ variable nodes are the same in these cases, but TED has
two terminal nodes while TED+ has one (i.e., terminal 1 is
represented by terminal 0 with additive weight 1).
Except a few cases, in which TED+ uses more nodes, the
number of nodes in TED+ is the same as that of TED. Creation
of TED+ is more time consuming than TED, because the
complexity of the algorithm used in TED+ is more than TED.

23

0

76

0

Table 3. CPU Instruction Set

43

0

251

0.1

the additive 1, and –f(x) remains as a result. Furthermore, since
we have multiplicative weights, after extracting -1 as the
multiplicative weight, the only remaining part becomes f(x).
Table 2. TED and TED+ construction results for various algebraic
equations
TED

Equations

TED+

100

∑ xi
i =1

100

∏ xi
i =1

10

10

∏∑ xi, j 2
i =1 j =1
20

20

∏∑ xi, j 2
i =1 j =1
10

10

∏∑ xi, j 3
i =1 j =1
20

20

∏∑ xi, j 3
i =1 j =1

10

10

∏∑ xi, j (i + j)
i =1 j =1

20

20

∏∑ xi, j (i + j)
i =1 j =1

6

6

i =1

j =1

8

8

i =1

j =1

∏ ( ∑ xi , j j ) i
∏ ( ∑ xi , j j ) i
(

(

10

10

i =1

j =1

20

20

i =1

j =1

∑ xi ) x + ∑ x j
∑ xi ) x + ∑ x j

Opcode
000
001
010
011
100
101
110

V. EXPERIMENTAL RESULTS
In this section, we describe experimental results that have
been carried out on a PC Pentium 4 with 1 GBytes memory. All
runtimes are given in CPU seconds. TED and TED+ packages
are implemented by the authors with Visual C++ v6, and for
BDD, we have used the Cudd BDD [19] package which is
known to be very efficient.
In the first series of experiments, we compare sum of the
number of nodes needed for BDD, TED and TED+
representation of all gate outputs of several gate-level
benchmarks. Table 1 provides a summary of the results
obtained for these benchmark circuits. These circuits have
BDDs with at least 30 nodes. The column labeled BDD shows
the result of converting these circuits to BDD, while subcolumns show the number of BDD nodes and time it was spent
for the conversion. TED and TED+ columns show the same
parameters for TED and TED+ diagrams. Diagrams are built
based on the same variable orderings. Unfeasible means that
representation of the benchmark could not be constructed
within 120 seconds.

Instruction
LDA
STA
ADD
SUB
JMP
JEZ
HLT

In the third series of experiments, a simple adding
machine, representative of a processor, is converted to TED and
TED+. This simple CPU is accumulator based with a 16-bit
data-bus and a 16-bit address bus. It has 7 instructions that are
shown in Table 3.
Table 4. ALU Operations

ALU_op
00
01
10
11
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ALUout
B
A-B
A+B
B+1

The ALU unit of this processor has A and B data inputs
and a 2-bit select input that selects one of the four operations of
the ALU. Table 4 shows the ALU operations.
The controller, shown in Fig. 7, is a state machine with
four states. Most instructions take two clock periods to
execute. The halt instruction halts the processor until it is reset.
The controller is transformed to transition relations and
output functions and then these functions are converted to TED
and TED+. Also, the data-path of the processor is converted to
these diagrams simultaneously. The result of converting this
processor is shown in Table 5. This table shows that compared
with TED, TED+ is about 36% better in terms of number of
nodes and 2 times better in terms of time of conversion.
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Reset == 1
Reset == 0

Reset

Opcode == 110

Fetch
Reset == 1

Exec

Halt

Opcode != 110

Reset == 1
Reset == 1

Fig. 7. CPU Controller

Although our experiment is done on a simple processor,
this processor has a data path and a controller that is typical of
many complex designs. Furthermore, this example has both
arithmetic and Boolean parts. Therefore, it can show
effectiveness of TED+ in representing complex processors.
Table 5. TED and TED+ construction results for a simple processor

TED
TED+

Nodes
175
112

Time
0.031
0.015

VI. CONCLUSIONS
In this paper, TED+ was proposed. In TED+, the
decomposing method of nodes with two outgoing edges is
changed (rearranged) to Shannon. However, this led to a worse
performance of algebraic representations than TED. For
reducing this, additive weights were added in addition to the
multiplicative weights of the edges. In this way, a new data
structure, for representing mixed arithmetic/Boolean designs
(especially a microprocessor), was created.
TED+ is the same as BDD with attributed edges in
representing Boolean expressions. On the other hand, TED+ is
worse than TED in representing some algebraic expressions.
Because of rare occurrence of such cases in digital systems and
also because Boolean parts are much larger than arithmetic
parts in a real RT-level design, the overall performance of
TED+ is better than TED. Our experimental results show that
many practical arithmetic expressions typically encountered in
RTL specification are represented as good as TED. Therefore
TED+ is a good solution for representing designs containing
both gate-level (Boolean expressions) and RT-level (arithmetic
equations, bit-size 1 and longer) parts.
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